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Global heat kernel estimates for symmetric Markov processes 
dominated by stable-like processes in exterior open sets 

Kyung-Youn Kim* 


Abstract 

In this paper, we establish sharp two-sided heat kernel estimates for a large class of symmetric 
Markov processes in exterior open sets for all t > 0. The processes are symmetric pure 
jump Markov processes with jumping kernel intensity 

K{x,y)'tlj{\x - y\)~'^\x - y\~'‘~°‘ 

where a G (0,2), ^ is an increasing function on [0,oo) with = lon0<r<l and 

< ^(r) < on r > 1 for /3 G [0, oo]. A symmetric function K{x,y) is bounded 

by two positive constants and \K{x,y) — k{x,x)\ < c^\x — for |a; — y| < 1 and p > a/2. As 
a corollary of our main result, we estimates sharp two-sided Green function for this process in 
C^’'^ exterior open sets. 
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1 Introduction 

In this paper, we study two-sided heat kernel estimates for a large class of symmetric Markov 
processes with jumps in exterior open sets for all t > 0. Discontinuous Markov processes 
and non-local Markovian operator have received much attention recently. The transition density 
p{t, X, y) which describes the distribution of Discontinuous Markov process is a fundamental solution 
of involving infinitesimal generator and there are many studies in this areas in [DlllElllllIlllls]. 
Very recently in [3], two-sided estimates on p{t,x,y) for isotropic unimodal Levy processes with 
Levy exponents having weak local scaling at infinity are established. Also, heat kernel estimates 
for a class of Levy processes with Levy measures not necessarily absolutely continuous with respect 
to the underlying measure are obtained by Kaleta and Sztonyk in [20] . 

‘This work was supported by the National Research Foundation of Korea(NRF) grant funded by the Korea 
government (MEST) (NRF- 2013R1A2A2A01004822). 
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Since it is difficult to obtain two-sided estimates on Dirichlet heat kernel where points are 
near the boundary, Dirichlet heat kernel estimates are obtained recently for particular processes in 
[2l[71|8l[9]. Very recently, the studies of two-sided Dirichlet heat kernel estimates are extended to 
a large class of symmetric Levy processes and beyond in [laiiaisi]. 

In this paper, we consider a large class of symmetric Markov processes whose jumping kernels 
are dominated by the kernels of stable-like processes which is discussed in m- Throughout this 
paper we assume that /3 G [0,oo], a G (0,2), and d G {1,2,3,..For two nonnegative functions 
/ and g, the notation f ^ g means that there are positive constants ci and C 2 such that cig{x) < 
fix) < C 2 g{x) in the common domain of definition for / and g. We will use the symbol which 

is read as “is defined to be.” 

Let i)) be an increasing function on [0, oo) where ipir) = 1 on 0 < r < 1, and < ipir) < 

on 1 < r < oo. Here Li,L 2 , 7 i ,72 are positive constants. For any r > 0, we define 
j(r) := Let Kix,y) be a positive symmetric function which is satisfying 

< Kix,y) < L 3 , x,yeM.‘^, ( 1 . 1 ) 


and for p > a/2 , 

|k(x, 2 /) - K(x,x)|l{| 2 ._y|<i} < Lf\x - y\P, x,y e 

where L 3 , L 4 are positive constants. We define a symmetric measurable function J on x ]R'^\{x = 
y} as 


Jix,y) := K{x,y)j{\x - y\) 


K{x,y)\x-y\ "V'(lx-yl) ^ if/3G[0,oo), 

k(x, y)\x - 2/r‘^""l{|a:-y|<i} if /3 = 00 . 


( 1 . 2 ) 


For any u G dx), we define £i(u, u) := 2 ^ J^j^^^^iuix) — uiy))"^ J{x,y)dxdy and ViS) := 

{/ G C'c(M'^) : S{f, f) < 00 } where C'c(K'^) is the space of continuous functions with compact support 
in equipped with uniform topology. Let £’i(u, u) := £{u,u) -\- u(x)^dx and := D(f’)^\ 
Then by m Proposition 2.2], i£,J-) is a regular Dirichlet form on L^(]R'^, dx) and there is a Hunt 
process Y associated with this on (see m)- 

It is shown in m that the Hunt process Y associated with {£,J-) is a subclass of the processes 
considered in [ 6 ]. Therefore, Y is conservative and it has a Holder continuous transition density 
p{t,x,y) on ( 0 , 00 ) X X with respect to the Lebesgue measure. In [T9l ^2\, this process is 
discussed and the upper bound estimates are obtained. 

For any x G stopping time S with respect to the filtration of Y, and nonnegative measurable 
function / on M_|_ x x where f{s, y,y) = 0 for all y G and s > 0, we have a Levy system 
for Y : 




/ f \ ' 

Y,fis,Ys-,Ys) 

s<S 

= IE^ 

J \^J^^fis,Ys,y)J{Ys,y)dyjds 


(e.g., see m Appendix A]). It describes the jumps of the process Y, so the function J is called the 
jumping intensity kernel of Y. 
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For a, 6 G M, we use A and V to denote a A b := min{a, b} and aV b := max{a, b}. For any 
positive constants a,b,T, we define functions on (0, T] x [0,oo) as 


K,b,Tit,r) ■■= < 


t-d/a ^ ^^-d-a^-brP 


t A tr “ 
texp a (log^) 

{t/{Tr)r 


Tr \ ' 


A n 


if/SG [0,1], 

if /3 G (l,oo] with r < 1, 
if /? G (l,oo) with r > 1, 
if /3 = oo with r > 1 


(1.4) 


and on [T, oo) x (0, oo) as 


' ■j.—dla yy ^rp—d—OL 

exp f—a {r^ A ^ 

l-d /2 gjj-p }—a fr (l + log"*" A 'j 

t-d /2 gjj-p ^—a yr (l + log"*" A ^ 


if /3 = 0, 
if/3G (0,1], 
if ^ G (l,oo), 
if /3 = oo 


(1.5) 


where log+x = logx • l{ 2 ,>i} + 0 • l{a,<i}- 

By [la Theorem 1.2], Theorem 1.2 and Theorem 1.4] and [211 Theorem 1.1], it is known 
that for any T > 0, there are positive constants Ci,c > 1 and 7 = 7 ( 71 , 72 ) > 1 such that 


c k - yl) < P{t,x,y) < .^(t, [x - y]) ( 1 . 6 ) 

for every {t,x,y) G (0,T] x x and 

-y\) < p{t,x,y) < cT^_i^^(t, [x - y]) (1.7) 

for every {t,x,y) G [T, 00 ) x x M'^. Even though in [15[ Theorem 1.2] and [ 6 l Theorems 1.2 
and 1.4] two-sided estimates for p(t,x,y) are stated separately for the cases 0 < t < 1 and t > 1, 
the constant 1 does not play any special role. Thus by the same proof, two-sided estimates for 
p{t, X, y) hold for the case 0 < t <T and can be stated in the above way. We remark here that in 
[ 6 l Theorems 1.2(2.b)] the case [x — yj x t is missing. One can see that ()1.7I) is the correct form to 
include the case jx — y] >c t (cf. Proposition 13.61 below for the lower bound). 

The goal of this paper is to establish the two-sided heat kernel estimates for Y in exterior 
open set. Recall that an open set D in (when d > 2) is said to be open set with rj G (0,1] if 
there exist a localization radius tq > 0 and a constant Aq > 0 such that for every z G dD, there exists 
a C'^’’'-function cj) = 4>z : —)> M satisfying (^(0) = 0, V0(O) = (0,..., 0), [jV^jjcxD < Aq, ] V(/>(x) — 

V(/)(rc)j < AqJx —and an orthonormal coordinate system CSz of z = (zi, • • • , Zrf_i, Zd) =: (T, Zd) 
with origin at z such that il(z,ro) D = {y = {y,yd) G B{z,rQ) in CSz ■ yd > 4>{y)}- The pair 
(ro, Aq) will be called the characteristics of the open set D. Note that a open set D with 
characteristics (xq, Aq) can be unbounded and disconnected. 

Let be the subprocess of Y killed upon exiting D and td ■= inf{t >0:1*^ D} be the 
first exit time from D. By the strong Markov property, it can easily be verified that pD(t,x,y) := 
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p{t, X, y) — ^x[p{t — T£),YT^,y);t > t^] is the transition density of . Also, by the continuity and 
estimate of p, it is routine to show that p^it^x^y) is symmetric and continuous(e.g., see the proof 
of Theorem 2.4 in m)- 

In [211 Theorem 1.2], the Dirichlet heat kernel estimates for Y^ is obtained. For the lower bound 
estimates on pnit-, x, y) when j3 G (1, oo], we need the following assumption on D: the path distance 
in each connected component of D is comparable to the Euclidean distance with characteristic Ai, 
i.e., for every x and y in the same component of D there is a rectifiable curve I in D which connects 
X io y such that the length of I is less than or equal to Aijx — y\. Clearly, such a property holds for 
all bounded open sets, open sets with compact complements, and connected open sets 
above graphs of functions. 

Here is the main result of [21]. We denote by 6d{x) the Euclidean distance between x and 


Theorem 1.1 |2T1 Theorem 1.2] Let J he the symmetric function defined in (II.2p and Y be the 
symmetric pure jump Hunt process with the jumping intensity kernel J. Suppose that T > 0 and 7 is 
the constant in (HTD. For any y G {a/2, 1], let D be a open set in with characteristics 
(ro,Ao). Then the transition density pD{t,x,y) ofY^ has the following estimates. 


(1) There are positive constants c,C 2 >l such that for any {t,x,y) G (0,T] x D x D, we have 


c 



Sd{x)Y^^ 
H/a J 



^D{y) \ 

H/" J 


a/2 




y|/6) > pD{t,x,y) 


>C -1 



6d{x) Y^^ 
H/" J 



H/" J 


A t\x 

l-d/a ^ 1 ^ 


y\^-d-a ^-')\x-y\l^ 
y|-d-a 


i//3G [0,1 ], 

if (3 & (1, 00 ] and 
\x — y\ < 4/5. 


(2) Suppose in addition that the path distance in each connected component of D is comparable 
to the Euclidean distance with characteristic Ai. If f3 & (l,oo], there are positive constants 
c, C 2 > 1 such that for any {t,x,y) £ {0,T] x D x D where \x — y\ > 4/5 and x,y are in a 
same component of D, we have 


PD{t,x,y) > c 



Sd{x) Y^‘^ 
/!/« J 



a/2 

^\x 


y|/4) 


( 3 ) If 13 £ ( 1 , 00 ), there is a positive constant c > 1 such that for any {t,x,y) £ {0,T] x D x D 
where \x — y\ > 4/5 and x,y are in different components of D, we have 


PD{t,x,y) > c 



/!/« J 



a/2 


_ y I d-\-a 


=-7(5|a:-y|/4)^ 


(4) Suppose in addition that D is bounded and connected. Then there is positive constant c > 1 
such that for any {t, x, y) £ [T, 00 ) x D x D we have 

^_i^_tA^^^(^)a/2 j^(y)a/2 ^ pj^[t,x,y) < c(5^(5 d(?/)"/^, 

where —X^ < 0 is the largest eigenvalue of the generator ofY^. 
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Theorem ll.ll fl)"(3^ give us the Dirichlet heat kernel estimates for the small time. However 
the large time estimates are established only for the bounded and connected open sets. The 
large time Dirichlet heat kernel estimates for unbounded open sets are different depending on the 
geometry of D as one sees for the cases of the symmetric a-stable processes and of the relativistic 
stable processes in m and in mm, respectively. 

Motivated by mm, we establish the global sharp two-sided estimates on pD{t,x,y) in the 
exterior open set, that is, open set which is is compact. It can be disconnected and in 
this case, there are bounded connected components. The number of the such bounded connected 
components is finite. 


Theorem 1.2 Let J be the symmetric function defined in o and Y be the symmetric pure jump 
Hunt process with the jumping intensity kernel J. Let d > 2 ■ 1{/36(o,cxd]} + « • l{/ 3 =o}; T > 0 and 
R > 0 be positive constants. For any y G (a/2,1], let D be an exterior open set in with 
characteristics (rg, Aq) and C B{0,R). Let Dq be an unbounded connected component and 
Di,, Dn be bounded connected components such that Dq U Di U ... U Dn = D. Then for any 
t > T (t > 0 when (3 = 0, respectively) and x,y ^ D, the transition density p£){t,x,y) ofY^ has 
the following estimates. 


(1) For any (3 G [0,oo], there are positive constants Ci = cfia, (3,r],rQ, Aq, R,T,d, L^, L 4 ,'ijj) (ci = 
Ci{a, (3, r],ro, Aq, R,d, L 3 , L 4 ,'i(>) when (3 = 0, respectively), z = l,2 such that 


PD{t,x,y) < Cl 



Spjx) 
1 A 


a/2 



^pjy) 

1A 



y\)- 


( 2 ) Suppose that (3 G [0,1] or (3 ^ ( 1 , 00 ] with \x — y\ < 4/5. Then there are positive constants 
Ci = Ci{a,( 3 ,r],ro,Ao,R,T,d,L 3 ,L 4 ^,fi) (a = cfia, (3,r],ro, Aq, R,d, L 3 , Li,^;) when (3 = 0, 
respectively), i = 1,2 such that 


pp{t,x,y) > Cl 



Spjx) 

1 A 


a/2 



Spjy) 

1A 



y\)- 


( 3 ) Suppose that (3 G (l,oo] with \x — y\ > 4/5 and x,y are in a same component of D. 

(3.a) (Unbounded connected component) There are positive constants Ci = Ci{a, (3,T],rQ, Aq, 
R, T, d, L 3 , L 4 , Ip), i = 1,2 such that for x,y G Dq 

pp{t,x,y) > ci{l A 5p{x))°'/‘^ {1 A 5p{y))'^/‘^ ^l^j-{t,\x - y\). 

(3.b) (Bounded connected component) There is a positive constant c = c{a, (3,r],rQ, Aq, 
R, T, d, L 3 , L 4 , fi) such that if x,y G Dj for some j = 1,.. .n, 

pp{t,x,y) > ce~^^^ dp{x)^/‘^ 6 p{yfi^/^ 

where —Xj < 0 is the largest eigenvalue of the generator Y^fi j = 1 ... ,n. 
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(4) Suppose that j3 E (l,oo) with \x — y\ > 4/5 and x,y are in different components of D. Then 
there are positive constants Ci = Ci{a, (3, r],ro, Aq, R,T,d, L^, L 4 , ip, Xi,Xn), i = 1,2 such 
that 

u n . w ^^a/2n A ^ r ^^a/2exp(-C2(|a:-y|^+^)) 

PD[t,x,y) >ci{l A 6 d[x)) ' (lA(^i)(y)) ' -- 

where —Xj<0 is the largest eigenvalue of the generator j = 1... ,n. 

For a connected exterior open set, we can rewrite the sharp two-sided estimates on 

PD{t,x,y) for all t > 0 in a simple form combining Theorem II. ir i)-(2) and Theorem II ■2lf ll-(3a). 


Corollary 1.3 Let J he the symmetric function defined in Oi and Y be the symmetric pure 
jump Hunt process with the jumping intensity kernel J. Let d > 2 ■ l{^ 6 (o,oo]} + « ' l{/ 3 =o}; T > 0 
and R > 0 be positive constants. For any rj E (a/2,1], let D he a connected exterior open 
set in with characteristics (ro,Ao) and C B{t),R). Then there are positive constants 
Ci = Ci{a, f5, r], ro, Aq, R, T, d, L 3 , L 4 , ^p) > l,i = 1,2 such that for every {t, x, y) E (0, 00 ) x D x D, 
we have 


PD{t,x,y) < Cl 



Spjx) 
1 A 


a/2 



Spjy) 

1A 


a/2 


'I'l-i . it,\x-y\/6) ifte{0,T], 

(t, |x - y|) i/tE[r,oo), 


and in addition D is a connected, we have 


PD{t,x,y) > c^ ^ 



1 A tVa 


a/2 



Spjy) 

1 A 


a/2 


^c2,7,t(^>5|x -y|/4) 
^C2,T(^>|3^-y|) 


ift E (0,T], 
if t E [T, 00 ) 


where 7 is the constant in Theorem \1.1[ 


By integrating the heat kernel estimates in Corollary 11.31 with respect to t E (0,oo), one gets 
the following sharp two-sided Green function estimates of Y^ in the connected exterior open 
sets. 


Corollary 1.4 Let J be the symmetric function defined in (na) and Y be the symmetric pure 
jump Hunt process with the jumping intensity kernel J. Let d > 2 ■ l{/36(o,oo]} + ck • l{/3=o} 

R > 0 be a positive constant. For any rj E (a/2,1], let D be a connected exterior C^’’^ open 
set in with characteristics (ro,Ao) and D'^ C B{0,R). Then there is a positive constant 
c = c{a, /3,T],rQ, Aq, R,d, L 3 , L 4 ,fi) > 1 such that for every {x,y) & D x D, we have 


-1 


k “ |x — y\'^~‘^ {/3e(0,oo]}J ^ |a: — yl A 1 


6p{x) 


a/2 


1 A 


^p{y) 


a/2 
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The approach developed in mi provides us a main road map. By checking the cases depending 
on the value of /3 and the distance between x and y carefully, we establish sharp two-sided estimates 
on p£)(t,x,y) for exterior open sets for all t E [T, oo). In section 2, we first give elementary 
results on the functions r) and r) which are defined in (|1.4p and (11.51) . Also, we give 
the proof of the upper bound estimates on p£){t,x,y). In Section 3, we present the interior lower 
bound estimates on where := B{xo,R) for some xq E M'^. In Section 4, the full 

lower bound estimates on pnit, x, y) for exterior open set D are established by considering the cases 
whether the points are in a same component or in different components separately. The proof of 
Corollary 11.41 is given in Section 5. 

Throughout this paper, the positive constants ( 71 ,( 72 , Li, L 2 , T 3 , L 4 , 71 , 72,7 will be fixed. In 
the statements of results and the proofs, the constants c* = Ci{a,b,c,.. .),i = 1,2,3,..., denote 
generic constants depending on a,b,c, ... and there are given anew in each statement and each 
proof. The dependence of the constants on the dimension d, on a E (0, 2) and on the positive 
constants Li, L 2 , T 3 , T 4 , 71 , 72,7 will not be mentioned explicitly. 

2 Upper bound estimates 

We first give elementary lemmas which are used several times to estimates the upper and lower 
bound on pr){t,x,y) where t > T {t > 0 when /3 = 0, respectively). Recall the functions r) 
and r) which are defined in (11.41) and (11.51) . 

Lemma 2.1 Let to > 0 and a,b,c > 1 be fixed constants. For any j3 E (0,oo], suppose that 
A'i,A ^2 be positive eonstants satisfying ^"2 > A^i • (a6 V Then there exist positive constants 

Ci = Ci{to),i = 1,2 such that for every r > 0, we have that 

(1) <ci^l^^^t^{to,Nfi^r) and 

(2) N2r) < C2^l^^toito, Nir). 

Proof. When (5 E (0, 1 ], since N2 > Nic^/^ , we have ( 1 ) and ( 2 ). 

When fi E (1, 00], since t^ /\tor~^^°‘ x 1 for any r < 1, we only consider the case 1 < 

Nfi^r) to prove (1) and 1 < Nir{< N 2 r) to prove (2). In these cases, since logx is increasing in x 
and N 2 > Niob, we have ( 1 ) and ( 2 ). □ 

Lemma 2.2 Let T,a and b be positive eonstants. (1) If b > 1, there exists a positive constant 
c = c{b) such that for every t E [T, 00) and r > 0, we have that 

(2) In addition, for a,b > 1 and fi E ( 0 ,00], suppose that N be a positive constant satisfying 
N>{aby^^P^^\ Then for every t E [T, 00) and r > 0, we have that 
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Proof. Since 5 > 1, it is easy to prove (1) when /3 E [0,1]. Also, since 


i I 1 + i„g+ > (1 + log 4), f 1 + ,„g+ hLh'l > 6 + log+ . 


t 


t 


for any 6 > 1, we have (1) when j3 E (l,oo]. 

On the other hand, since N > {ab)^^^{> 1), we have that 

6-1 ^ y) - A > a ^(A^-V)^ 


t J 


A 


{N-^r) 

t 


( 2 . 1 ) 


Also, since r —)• 1 + log"’" r is non-decreasing and N > ab{> 1), we have that 


Tr\ 

6-i(r(l+log+—J A- 


> 6 ( 1 -|- log 


(^- 1 )/^ (Ar-V )2 


t 


■) 


A 


> o I A^ ( 1 -|- log 


AT-iTr^^ i)//3 (jV-V )2 


A 


t y t 

Hence, by (12. Ill for /3 E (0,1] and by (12.2p for /3 E (l,oo], we have (2). 


( 2 . 2 ) 


□ 


We now prove the upper bound estimates in Theorem II. 2f lh 

Proof of Theorem ll.2ll lf When /3 = 0, by Theorem ll.H ll. we may assume that t >T. Wthout 
loss of the generality, we may assume that T = 3. By the semigroup property and Theorem ll.H ll. 
we have that for t — 2 > 1 and x,y & D, 


PD{t,x,y) = 



D JD 


PD{'^,x,z)pD{t - 2 ,z,w)pD{'i-,w,y)dzdw 


< Cl (1 A h£»(x))“/^ (1 A 5D{y)T^‘^ fi{t, X, y) 


(2.3) 


where C 2 and 7 are given constants in Theorem 11.11 and 

fi(t,x,y)= [ 1 , {l,\x - z\/6)p{t - 2, z,w)^^ 1 , {l,\y - w\/6)dzdw. (2.4) 

jRdxRd .7 A O 2 ,7 ,1 

Let Hi := 67 ^/^, 6 C'iC 2 } (Hi = 6 when /3 = 0, respectively) where Ci is given 

constant in (jl.hjl and (II. 7p . Then by (jl.7|] . there exists constants Ci = Cj(/3) > 0, i = 2, 3 such that 

p{t - 2,z,w) < C 2 T^_i -2,\z - w\) < C 2 ^Ci,i(^ “ 2 ,Hyi| 2 : - w\) < c^p^t - 2, z, A{^w). 

For the second inequaltiy, when j3 E (0,oo], we use (2) in Lemma \2^ with A^ = Hi, a = 6 = Ci 
and the fact Hi > When /3 = 0, the second inequality holds since Hi > 1. 

Also, by (|1.6p . there exist constants Cj = Ci(/3) > 0, i = 4, 5 such that 

^^ 2 - 1 , 7 -!,i(l’ k - ^1/6) < C4^Ci7,i(l>^rV - z\) < C5p(l,Hyix,Hyi2;) and 
^c-i^7-qi(l,|y-w^|/6) < C4 4'ci7,i(l>^r^l2/-^l) < C5P(l,Hyiy,Hyiu;). 
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For the first inequalties above, when (5 G (0,oo], we use (1) in Lemma 12.11 along with a = Ci, 
b = C 2 , c = 7 , = 6 and N 2 = Ai and the fact Ai > 6 (C'iC '2 V When /? = 0, the first 

inequalities hold since Ai = 6 . 

Applying the above observations to ()2.4I1 and by the change of variable I = A^^z, w = A'^^w, 
the semigroup property and (ILZI), we conclude that 

h{t,x,y) < C6 / p{l,A-^\,z)p{t-2,z,w)p{l,A-^\,w)dUw 

= C6p(L A^-V - 2/1) 

- “ 2/1)- (2-5) 

We have applied (1) in Lemma YI?2\ with a = Ci and h = Ai for the last inequality. Applying (12.51) 
to (lOD . we have proved the upper bound estimates in Theorem 11.21 □ 


3 Interior lower bound estimates 

The goal of this section is to the establish interior lower bound estimate on the heat kernel 
x,y) for t > T (t > 0 when /I = 0, respectively) where Br = B{xo,R) for some R > 0 
and xq G We will combine ideas from m and [ 2 T] . 

First, we introduce a Lemma which will be used in the proof of Lemma [3. 2 1 and Proposition 13.31 
Let (p{r) := • l{/36(o,oo]} + r°‘ ■ l{/ 3 =o} and then p-^it) = + tV" • l{/3=o}- 

Lemma 3.1 Let a be a positive constant and T > 0 and fd G [0, 00 ]. Then there exists a positive 
constant c = c{a,l3,T) (c = c(o) when (3 = 0, respectively) such that for all t G [T, 00 ) (t > 0 when 
13 = 0, respectively), we have 

>t) >C 

Proof. When (3 = 0, using m Theorem 4.12 and Proposition 4 . 9 ], the proof is almost identical 
to that of [H Lemma 3.1]. When /? G (0,oo], using [ 6 l Theorem 4.8], the proof is the same as that 
of [ 10 ) Lemma 3.2]. So we omit the proof detail. □ 

Lemma 3.2 Let D be an arbitrary open set. Suppose that a be a positive constant and T > 0 
and /3 G [0, 00 ]. Then there exists a positive constant c = c{a,j3,T) (c = c(a) when (3 = 0, 
respectively) such that for all t G [T, 00 ) (t > 0 when /3 = 0, respectively) and x,y ^ D with 
5 d{x) a 5d{v) > aip~^{t) and |x — y| > 2 ~^a(p~^{t), we have 

G B{y, 2-^aip~^{t))) > ct ■ p-'^{t)j{\x - y\). 
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Proof. Using Lemma l3.ll the strong Markov property and Levy system (|1.3p . the proof of the 
lemma is similar to that of m Proposition 3.3]. So we omit the proof detail. □ 

For the remainder of this section, we assume that D is a domain with the following property: 
there exist Ai G [1, oo) and A 2 G (0,1] such that for every r < 1 and x, y in the same component of 
D with 6 d{x) a Sniy) > r, there exists in ZD a length parameterized rectifiable curve I connecting 
X to y with the length |^| of I is less than or equal to Ai|x — y\ and 5d{K'^)) ^ "^ 2 ?* for u G (0, |Z|]. 
Clearly, such a property holds for all domains with compact complements, and domains above 
graphs of functions. 

The following Propositions are motivated by m- 

Proposition 3.3 Let a be a positive constant and T > 0 and fd G [0, 00 ]. Then there exists a 
positive constant c = c(a,/3,T, Ai, A 2 ) (c = c(a, Ai,A 2 ) when 13 = 0 , respectively) such that for all 
t G [T, 00 ) (t > 0 when (3 = 0, respectively) and x,y £ D with doix) A 5_d(2/) > aip~^{t) > 2\x — y\, 
we have pD{t,x,y) > cfip~'^{t). 

Proof. By the same proof as that of m Proposition 3.4], we deduce the proposition using the 
parabolic Harnack inequality (see [151 Theorem 4.12] for (3 = 0 and [6l Theorem 4.11] for (3 G (0, 00 ]) 
and Lemma 13.21 □ 


Proposition 3.4 Let a be a positive constant and T > 0 and (3 G [0, 00 ]. Then there exists a 
positive constant c = c(a,/3,T, Ai, A 2 ) (c = c(a, Ai, A 2 ) when (3 = 0, respectively) such that for all 
t G [T, 00 ) ( t > 0 when (3 = 0, respectively) and x,y £ D with 6 d{x) A dniy) > atp~^{t) and 
\x — y\ > 2 ~^aip~^{t), we have pnit, x, y) > ctj{\x — y\)- 

Proof. By the same proof as that of uni Proposition 3.5], we deduce the proposition using the 
semigroup property, Lemma 13.21 and Proposition 13.31 □ 

Also, since the proof of the following proposition is almost identical to that of m Proposition 
3.6] using Proposition 13.31 we skip the proof. 

Proposition 3.5 Let (3 £ (l,oo] and a and C* be positive constants. Then there exist positive 
constants Ci = Cj(a,/?, C*, Ai, A 2 ), f = 1,2 such that for every t £ (0, 00 ) and x,y £ D with 
doix) A doiy) > ay/t, we have 

/ U_y|2\ 

PD{t, X, y) > Cl t~ exp ( —C2 -— -j when C:^\x — y\ < t < \x — y\‘^. 

Now, we estimates the interior lower bound for po{t,x,y) where (3 £ (l,oo] and T < t < 
C^:T\x — y\ for any positive constant C* < 1. The following Proposition 13.61 and Proposition 13.71 are 
counterparts of |2T1 Propsition 3.6] and [2T1 Proposition 3.5], respectively. (See, also [U Theorem 
5.5]) and [H Theorem 3.6], respectively.) 
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Proposition 3.6 Let j3 E (l,oo) and a,T and C* E (0,1) be positive constants. Then there exist 
positive constants Ci = Cj(a,/ 3 , T, C*, Ai, A 2 ), i = 1,2 such that for every t E [T, 00) and x,y G D 
with 5 d{x) a 6 D{y) > ay/t, we have 


PD{t,x,y) > Cl exp -C 2 |x - y| 1 + log 




when Ct:T\x — y\ '>t. 


Proof. We let r := \x — y\ and fix C* E ( 0 , 1). Note that r > CT^tjT > t/T > 1 and rexp(—r^) < 
exp(—1)(< 1) for /3 > 1. So we only consider the case Tr exp(—r^) < t {< C^Tr) which is equivalent 
to r (log(Tr/t))~^^^ > 1. Let A: > 2 be a positive integer such that 


1 < r 



-1//3 

< k < r 



-IIP 

+ 1 < 2r 



(3.1) 


Then we have that 


t t 
- < - 




< T 


sup S ^(logs)^/^ 


=: to < 00 


(3.2) 


By our assumption on D, there is a length parameterized curve I C D connecting x and 
y such that the total length |Z| of I is less than or equal to Air and 6 d{ 1 {u)) > X 2 ay/t for every 
uG [0, |Z|]. We define rt := (2“^A2a\/t)A((6Ai)“^(log(Tr/t))^/^). Then bv (|3.1l) and the assumption 
log(C'T^) < log(Tr/t), we have that 


0 < ro := 




1//3 


< 


3AiA: 


(3.3) 


Define xi := l{i\l\/k) and Bi := B{xi,rt) for i = 0,1, 2,... ,/c then doixi) > \ 2 ay/t > rt and 
Bi C D. For every y, E Bi, we have that doivi) > 2 ~^\2ay/t > 2~^\2ay/t/k and 


\yi - yi+i\ < \xi - Xi+i| + 2rt < ^Ai + (3.4) 

Thus by Proposition 13.31 and 13.41 along with the definition of j, (13.1|) . (13.2p and (13.41) . there exist 
constants Ci>0,i = l,...,5 such that 


PD{t/k,yi,yi+i) > Cl 




> C 2 



^ g-C3(r/fc)/3 \ 

(r/A :)‘^+">^) 


> 



( 7 \ d -\- 0 '—1 

g-C3(?'/fc)^ 


> 




d+ct — 1 

/3 



(3.5) 


Therefore, by the semigroup property, (j3.3p and (13.51) . we conclude that 


PD{t,x,y) > 



PD{t/k,x,yi) • ■■pD{t/k,yk-i,y)dyi ■ ■ ■ dy^-i 
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> 




k 


n 


k-l 

i=l 


Bi 


> 




> Cy exp ( —C^k ( log ^ > Cy exp 

> Cy exp I -Cgr ( 1 + log — j I 




□ 


Proposition 3.7 Let (5 = oo and a,T and C* G (1/2,1) be positive constants. Then there exist 
positive constants Ci = Ci(a,T, C*, Ai, A 2 ), i = 1, 2 such that for every t G [T, 00 ) and x,y & D with 
6d{x) A 6D{y) > ay/t, we have 


PD{t,x,y) > Cl exp -C 2 |x - y| 1 + log 


T\x-y\ 


when C*T|x — y\>t. 


Proof. Let r := |x — y\ and fix C* G (1/2,1). Since T < t < C^Tr, we note that 1 < C^r. By 
our assumption on D, there is a length parameterized curve I C D connecting x and y such that 
the total length |^| of I is less than or equal to Air and dD{l{u)) > \ 2 ay/t for every u G [0, \l\]. Let 
A: > 2 be a positive integer satisfying 


1 < 8 AiC*r <k< SXiC^r + 1 < ( 8 A 1 + l)ar. (3.6) 

Define rt := {X 2 ay/t/ 2 ) A 8 “^, Xi := l{i\l\/k) and Bi := B{xi,rt) for i = 0,1,..., A;. Then 
dnixi) > 2rt and Bi C B{xi,2rt) C D. For every pi G Bi, since t/k < t/( 8 AiC'*r) < T/( 8 Ai), we 
have doiyi) > rt > ciy/t/k for some constant ci = ci(a, T, Ai, X 2 ) > 0. Also, for each yt G Bi, 

, , , , , , , , 1 1^1 1 11 / 

\yi - yi+i\ < \yi - Xi\ + \xi - x^+il + [x^+i - y^+il < - + -^ + - < ^ “^4-2' 

By Proposition 13.31 and 13.41 along with the definition of j, (|3.7p and the fact that t/k < T/ ( 8 A 1 ), 
there are constants c* = Ci{a, T, Ai) > 0, i = 2,..., 4, such that for (yt, pi+i) G Bi x Bj+i, 


VD{t/k,yi,yi+i)>C 2 ({t/k) '^/°‘A -—> C 3 (1 At/fc) > Cit/{Tk). (3.8) 

V \yi yi+i\ J 

Thus, by the semigroup property combining the fact r* > r^ A 8 “^, (13.6p and (13.81) . we obtain that 

PD{t,x,y) > L'"L PD{t/k,x,yi).. .pD{t/k,yk-i,y)dyk-i ■ ■ - dyi > n^^=il-Bi| 


> 


cst 

Tk 


> C6 


CftX 


Tr J 


Tr\ 


> cq exp -Cgr log —- > exp —cgr 1 + log 


Cjt) 


t ) 


□ 


Recall that B^ = B{xo,R). Note that a exterior ball R/j is a domain in which the path 
distance is comparable to the Euclidean distance with characteristics (Ai,A 2 ) independent of xq 
and R. Hence, the previous propositions yield the following Theorem. 
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Theorem 3.8 Let a and T he positive constants. Then for any /3 G [0, oo], there exists positive 
constants Ci = Ci{a,l3,T) (c = c(a) when /3 = 0, respectively) , i = 1,2, such that for every R> 
t G [T,oo) (t > D when /3 = 0, respectively) and x,y £ with A > aip~^{t), we 

have 

PB-^it,x,y) > ci'lfl^ j.{t,\x - y\) 
where r) is defined in (jl.4p . 

Proof. Let r := \x — y\. For any /3 > 0, if </?(r) < t, by Proposition 13.31 we have the conclusion. 

Suppose t < ip{r). When /3 G [0,1], we have the conclusion by Proposition 13.41 and Proposition 
[331 When fi G (l,oo), using Proposition 13.51 and Proposition 13.61 , and when j3 = oo, using 
Proposition 13.51 and Proposition 13.71 we have the conclusion. □ 


4 Lower bound estimates 

In this section, we assume that the dimension d > 2 - 1{/36(o,cxd]} + « • l{/3=o}- To establish the lower 
bound estimates in Theorem II. 21 21-141. we first consider the lower bound estimates on p^<R^t, x, y) 
for t > T (t > 0 when /? = 0, respectively) where Br is a ball of radius R > 0 centered at xq. Since 
all following estimates are independent of xq, we may assume that xq = 0. 

We define the Green function G{x, y) of Y in as G{x, y) := p{t, x, y)dt for every x,y £ 
Then by the fact that A tr~'^~°‘)dt x for d > a when /3 = 0 and by [H Theorem 6.1] 

when /3 G (0, oo], we have that 

G{x, y) X (^]x - + Jx - • l{/ 3 e( 0 ,oo]}) • (4.1) 

For any Borel set A C M'^, define the first exit time of A as ta = inf{t > 0 : ^ A} and the 

first hitting time of A as Ta = inf{t > 0 : F) G A}. The next lemma provide us the beginning point 
for the lower bound estimates which proof is almost identical to that of m Lemma 4.1] using 
(HI]), so we omit the proof. 

Lemma 4.1 There is a constant C 3 > 1 such that for all R > 0, 

^2 • l{/3e(0,oo]}) < < 00 ) 

- ^ ■ ^l^e( 0 ,oo]}) , for lx] > 2R. 

The following ideas of obtaining the lower bound estimates on {t, x, y) are motivated by that 
of Section 5 in m and for the sake of completeness, we give proofs detail. For the simplicity of 
the notation, hereafter for any y £ M'^\{0} and r > 0, we define H{y, r) := {z £ B{y,r) : z-y > 0}. 
Recall that p{r) = • l{^e(o,oo]} + r°‘ ■ l{/3=o} and p~^{t) = • l{/3e(o,oo]} + ' l{/3=o}- 
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Lemma 4.2 Let T be a positive constant. Then for any ft G [0,oo], there exists constants e = 
e{fi,T) > 0 and Mi = Mi{ft,T) > 3 (s > 0 and Mi > 3 when ft = 0, respectively) such that the 
following holds: for any i? > 0, i G [T, oo) (t > 0 when ft = 0, respectively) and x,y satisfying 
|x| > MiR, \y\ > R and y G B{x,9g:>~^{t)), we have 

G//(2/,(/p-i(i)/2)) >e. 


Proof. Applying (|1.7I) (Applying (11.61) and (lEZl) when ft = 0, respectively) and by the change of 
variable with v = z/ip~^{t), for any t > T {t > 0 when ft = 0, respectively), there are constants 
Ci = Ci{ft, T) > 0 (cj > 0 when ft = 0, respectively), i = 1, • • • ,3 such that 

¥,{YteHiy,y,-\t)/ 2 ))> inf {Yt G Hiy,<f-\t)/ 2 )) 


> Cl inf / 


- z\) ■ l{/Se{ 0 ,oo]} + {t ^ 


• l{/3=0} dz 


> C2 


inf 


w£B{y,9<p-'^{t)) JH{y,ip-i(t)/2) T 


exp ( —Cl 


\w — zr 


■ 1{/3g(0,oo]} + 1{,9=0} 1 dz 


= C 3 inf / exp (-Cilzco - • 1{/3g(0,oo]} + l{/3=o} 

wo&B{yo,9) jH{yo,1/2) 

> 2-ic3|i?(0,l/2)| • l{^g(o,oo]} + l{/3=o}) 


where yo := y/ip~^{t) and wq := w/ip~^{t). When /3 = 0, since \w — z\ < the third inequality 

holds. Hence, there is e G (0,1/4) so that for any t > T {t > 0 when ft = 0, respectively), x G 
and y G B{x,9ip~^{t)), we have 

e<^¥4YtGH{y,g:-Ht)/2)) . (4.2) 

For d > 2 - l{^ 6 (o,oo]} + ct- l{/ 3 =o} the constant 6*3 > 1 in Lemma 1^1 we may choose Mi > 3 
so that C'3(M/“'^ + • l|y3g(o,oo]}) ^ For any x with \x\ > MiR, by Lemma 1^1 we have that 

Px (t;b^ < t) = Px (T-^^ < 00 ) < • l{y3G(0,oo]}) 

( td 2 DCK \ 

+ 1 R<^ + R^ ^ |/^G(0,oo]}y 

< CsiM^-'^ + Mf-^ ■ l{^ 6 (o,oo]}) < £■ (4.3) 


Hence, combining (j4.2p and (14.31) . we obtain that 

P, G H{y,^-\t)/2)') =P,, (r^c^ > t) - Px i F(y, (^-i(t)/2); > t) 

>IPx >t^ {Yt i B{y,gr^{t)l2)) 

>(l-e)-(l- 2 e) =e. 


□ 
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Lemma 4.3 Let T > 0, /3 G [0, oo], and Mi = Mi{f3,T/8) > 3 (Mi > 3 when (3 = 0, respectively) 
he the constant in Lemma Then there exists a positive constant c = c{(3,T) >0 (c > 0 when 
/3 = 0, respectively) such that for any R > 0, t ^ [T,oo) (t > 0 when (3 = 0, respectively) and x,y 
satisfying |x| > MiR, \y\ > MiR and |x —y| < ip~^(t)/6, we have that {t,x,y) > cf(p~'^{t). 

R 


Proof. Without loss of generality we may assume that \y\ > |x|. If > L’ then 

(x) > {y) — \x — y\ > (^“^(t)/3, and hence the lemma follows immediately from Proposition 

rf 

Now we assume that (y) < ip~^{t)/2. By the semigroup property and the parabolic Harnack 
inequality (see [ 6 l Theorem 4.11]) , we have 


Pb" > / PB%i't/‘^^x,z)p^c {t/2,z,y)dz 


> ClPx 


■hi/ 2 )) 




(2/))/4,y,y 


(4.4) 


Note that t > s := t/2 — ip{2&^c (y))/4 > t/4 > T/4 (s > t/4 > 0 when /3 = 0, respectively). So 
by the semigroup property, the Cauchy-Schwarz inequality and Lemma 14.21 we obtain that 


PBl{s,y,y)> [p^c(s/2,y,z)) dz 

- \B[y,^-^{s)l2)f y ^ g(?/,V^~^(g)/2)) >C2l^-\s)>C2l^-\t). (4.5) 

Applying Lemma 02] again and (14.51) to (14.41) . we have that p^M(t,x,y) > c^/ip~'^{t). □ 


Proposition 4.4 Let T > 0, /3 € [0,oo], and Mi = Mi(/3, T/IG) > 3 (Mi > 3 when (3 = Q, 
respectively) he the constant in Lemma \4^ Then there exist positive constants c = c{l3,T) and 
Ci = Ci{l3,T) (c, (74 > 0 when (3 = 0, respectively) such that for any R > 0, t ^ [T^jCo) (t > 0 
when (3 = 0, respectively) and x,y satisfying jxj > MiR, jyj > MiR, we have that p^Mf,x,y) > 
c'I '^4 g(t, |x — y|), where '^\rp{t,r) is defined in (|1.4p . 

Proof. By Lemma 14.31 we only need to prove the proposition for |x — y| > ip~^{t)/Q. 

If t/2 < ip{60R), then dgc (x) A dgc (y) > (Mi — l)i? > 2R > {30)~^ip~^{t/2). In this case 
the Proposition holds by Theorem 13.81 So we only consider the following case: t > T A 2(p(60R) 
{t > 2ip{60R) when (3 = 0, respectively) and |x —y| > (p~^{t)/6 . Without loss of generality, we may 
assume that jyj > |x —y|/2. Let xi := x+ 20~^tp~^{t/2)x/\x\ then we have i?(xi, 20“^y5“^(t/2)) C 
C B^r. 

For every z G B{xi,20~^ip~^{t/2)), we obtain 

k - z| < ^ip-^{t/2) + |xi - z| < ^^-^(t/2) < ^(^-^(t/2). (4.6) 
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(4.7) 


Since \y\ >\x — y\/2 and i? < 60 ^ip ^(i/2), we have 

%^(y) = |y| - ^ > \\x -y\- ^y^~^{t/2) > - ^p^~^{t/2) > ^y}-^{t/2). 

For z G i?(xi,60“^(/?“^(t/2)), we have 

%^(^) = \z\-R>\xi\- \xi -z\- ^p}-^{t/2) 

> M + ^v-‘(i/2) - ^»>''(«/2) - (rs) 

and ^ 

|2 - y| < |z - x| + |x - y| < —y5"^(t/2) + |x - y| < 2|x - y\. 

15 

By the semigroup property, Lemma 14.31 with (14.611 . Theorem 13.81 with (14.71) and (14.81) and the 
fact r —)• is decreasing, there exist constants Cj = Ci{j3,T) > 0 (c* > 0 when /3 = 0, 

respectively), z = 1,..., 4 such that 




, (L x,y)= / (t/2, X, 2 ;)pgc (t/2, z, y)d 2 : 

> / p^c {t/2,x,z)p^o {t/2,z,y)dz 


B(xi,v3-l(i/2)/60) 


>ci [ l/{(p '^it/2))^l r^/^{t/2,\z - y\)dz 

4B(xi,(^-i(t/2)/60) 

> C3 ^ 2 c 2 ,t(^> 2|x - y\) > C4 ^'23c2,t(^> k - y\)- 


The last inequality holds by (1) in Lemma 12.21 with a = 2c2 and b = 2 and we have proved the 
proposition. □ 


The following elementary lemma is used to prove the lower bound estimates on PD{t, x, y) where 
t G [T, oo) {t > 0 when (3 = 0, respectively). Recall the function r) which is defined in 

([HI). 

Lemma 4.5 Let K, R, b and to be fixed positive constants and (3 G [0, oo]. Suppose that x, xi G 
satisfy |x — xi| = K^R. Then there exists a positive eonstant c = c{K, R, b, to, (3) such that for any 
a > 0 and z G we have ^ (to, 5|x — z\/A) > c ^ (to, 2|xi — z\). 


Proof. Let r := \x — z\ and ri := |xi — z\. For any z G B{x,KR) U B{xi, KR), we have that 
r < {K + 1)KR. So ^ j^(to, 5r/4) is bounded below and the lemma holds. 

Suppose that z ^ B{x,KR) U B{xi,KR). When r < AK'^RV 4/5, then ^ ^^(to, 5r/4) is 
bounded below and hence the lemma holds. Let r > AK^R V 4/5. By the triangle inequality, we 
have that 3r/4 < r — K^R < ri < r + K^R <hr jA and hence 1 < 5r/4 < 5ri/3 < 2ri. In this 
case, since r is non-increasing, the lemma holds. □ 
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Now, we are ready to prove the lower bound estimates on pD[t,x,y). For the remainder of 
this paper, we assume that p G (a/2, 1] and D is an exterior open set in with 

characteristics (rg, Aq) and C -B(0, R) for some R > 0. Such an open set D can be disconnected. 
When /3 G (l,oo] and \x — y\ > 4/5, we will consider the following two cases that x,y are in the 
same component and in different components in D, separately. 

Proof of Theorem [TT2](2)— (3) Due to Theorem 1 1.1 I f4l and the domain monotonicity ofpD{t, x, y), 
the Theorem holds when x, y are in the same bounded connected component of D. So we only need 
to prove Theorem II. 21 21-13. al. 

When /3 = 0, by Theorem 0(1), we may assume that t > T. Without loss of generality, we 
may assume that T = 3. For x and y in D, let u G be any unit vector satisfying x • u > 0 and 
y ■ V >0. Let M 2 := Mi(/3,3(16)“^)(> 3), where Mi is the constant in LemmaDefine 

xi := X + M 2 RV and yi '■= y + M^Rv. 


By the semigroup property and Theorem ll.ll ll-(2l. we have that for every t — 2 > 1 and 
x,y £ D, 


PD{t,x,y) 



D JD 


PDi'i-,X,z)pD{t 


2, z, w)pd{^, w, y)dzdw 


> ci{l ^5D{x)T/'^{l ^5D{y)T^'^f 2 {t,x,y), 


(4.9) 


where C 2 and 7 are given constants in Theorem 11.11 and 

f 2 it,x,y)= [ (1 A(5D(^;))“/^^'c2,7,i(l,5|a: - 2;1/4) 

J b{o,M2RY^b{o,M2RY 

■ pD{t - 2, z, u;)(l A 5D(^i^))“'^^4'c2.7,l(l^ ^\y - w\l^)dzdw. (4.10) 

Let A 2 := max{(C'iC4)^/*^4Ai)^ 27^/^, 2(7102}(> 2) {A 2 = 2 when /? = 0, respectively) where Ci 
is the constant in (II.Op . (11.711 and C 4 is the constant in Proposition 14.41 By Lemma 14.51 and (jl.Op . 
there exists Cj = Cj(/3) > 0, i = 2,..., 4 such that 

^C2,7,i(1’ “ ^1/4) ^ ^24-02, 7,1(1, 2|xi - z\) 

> 1 (1, A2IX1 - z\) > C4p(l, A2X1, A2Z) and 

^C2,7,i(1> ^\y - > C24'c2,7,i(1, 2 |yi - W'l) 

> C34 '^_i 1 (1, A2I2/1 - w\) > Cip{l, A 2 yi, A 2 W). (4.11) 

When /? G (0, 00], the second inequalities hold by (2) in Lemma [2711 along with to = 1, a = Ci, 
b = C 2 , c = Ni = 2 and N 2 = A 2 and the fact A 2 > 2 {CiC 2 V 7^^^). When /3 = 0, the second 
inequalities hold since A2 = 2. 

For z,w £ B{0, M 2 Ry and t — 2 £ [l,oo), by Proposition 14.41 and (|1.7p . we have that 

PD{t - 2 ,z,w) > - 2 ,z,w) > C 5 ^c 4 ,ii^ - 2,- w|) 

> ce'L^-i - 2, A 2 \z - w\) > C 7 p{t - 2, A 2 Z, A 2 W). (4.12) 
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For the third inequality above, we use (2) in Lemma 12.21 along with T = 1, a = 6 * 4 , h = Ci and 
N = A 2 and the fact A 2 > when f3 G (0,oo]. When /3 = 0, the third inequality holds 

since A 2 > 1- 

For z G B{0, M 2 RY, ^d{z) > (z) = \z\ — R > M 2 R — R- So applying (14.111) and (14.121) to 

(j4.10p and by the change of variables z = A 2 Z, w = A 2 W and semigroup property, we have that 

/ 2 (L X, y)>cs p{l,A 2 Xi,A 2 z)p{t - 2 , A 2 Z, A 2 w)p{l, A 2 yi, A 2 w)dzdw 

J B{Q,M2RYy<B(0,M2RY 

> cg / “ 2, Z, tti) 

J .6(0, A 2 Af2-R)'^ x_B(0,A2 

• Pb( 0 A 2 M 2 Ry 0 -^ A 2 yi,w)dMw 

= C9PB{0,A2M2RYit^ ^ 2 X 1 , A2yi). (4.13) 

Since A 2 |a^i| A^ 2 |?/i| > M 2 {A 2 M 2 R), by Proposition 14.41 and (1) in Lemma [22] with a = C 4 and 
b = A 2 , we have that 

PB{ 0 ,A 2 M 2 RY{t, A 2 X 1 , A 2 yi) >Cio^C 4 ,T{t, ^ 2 \xi - yi\) 

=cio 4 'c 4 ,r(iA 2 k- 2 /|) > - y\). (4.14) 

Combining (14.9p with (I4.13|) and (j4.14p . we have proved the lower bound estimates in Theorem 
[I2K2)-(3.a). □ 

For the remainder of this section, we assume that T > 0, /3 G (1, 00) and (t, x, y) G [T, 00) xDxD 
where \x — y\ > 4/5 and x,y are in different components of D. 

It is clear that there exists 0 < k < 1/2 which is depending on Ag and d such that for all x G H 
and r G (0,ro] there is a ball B{Ar{x),Kr) C H n B{x,r). Hereinafter, we assume that Ar(x) is 
such the point in D. 


Lemma 4.6 Suppose that Dj, C B{0,R) be a bounded connected component of D. Then there 
exists a positive constant c = c{f3,r],ro, Aq,T) such that for every t >T and x G D^, we can find a 
ball B C Db such that 


PDhi‘^ — 3 ^T,x,z)dz>ce ^do^ix) 


IB 


xa/2 


where —X^*’ < 0 6e the largest eigenvalue of the generator ofY^*’. 


Proof. For any x G Db, let Zx G Db be the point so that \zx — x| = 5di,{x)- Let xi := ArQ(zx) and 
B := B{xi, nro). For any z G B, we have that dD^z) ^ ^^ 0 - Hence since 2~^t — 3~^T > 
by Theorem 11.11 41 along with the bounded connected component Db, there exist constants c* = 
Ci{(3, rj, rg, Aq, T) > 0, i = 1,..., 3 such that for any x G Db 

[ - 3~^T,x, z)dz > [ doY^T^'^^DY^T^'^dz 

JB Jb 
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> C2e [ dz>C3e 

Jb 


□ 


Now, we are ready to prove the lower bound estimates on pD{t,x,y) for any /3 G (l,oo) and 
{t,x,y) G [T, oo) X D X D where \x — y\ > 4/5 and x,y are in different components of D. 


Proof of Theorem I1.2lf 4') Let D{x) and D{y) be connected components containing x and y, 
respectively with D{x) H D{y) / 0. Without loss of generality, we may assume that D{x) is a 
bounded connected component and T = 3. 

By the semigroup property and the domain monotonicity of pD{t,x,y), we first observe that 
PD{t,x,y)> / pDix){‘^~^t-'i-,x,z)pD{‘2,z,w)pD(y){‘2~^t-l,y,w)dwdz. (4.15) 

Jd{x) JDiy) 

For bounded connected component Dj of D and the largest eigenvalue —Xj < 0 of the generator 
, define A := max{Aj : j = l,...,n}. By Lemma 14.61 there exist a ball Bx C D{x) and a 
constant ci = ci(/3,y, tq, Aq) > 0 such that 


[ Pd{x){‘^ - l,x,z)dz > Cie 

J Bx 


(4.16) 


Similarly, if D{y) is a bounded connected component, we have that Jg PD{y) (2 — 1, y, w)dw > 

for some a ball By C D{y) and a constant C 2 > 0. For any {z,w) ^ Bx x By, note 
that Vo < \z — w\ < 2R and doiz) A dDiw) > C 3 . So by Theorem ll.lf ll and (3), we have that 
Pd{‘^, z,!!)) > C 4 . Hence, we have the conclusion when D{x) and D{y) are bounded 
connected components of D. 

When D{y) is an unbounded connected component, let yi := y+2Ry/\y\ and By^ := B{yi,2~^R) 
C D{y). For any w G By^, we have that 5j:,(^y-^{w) > R/2 and |y — rc| < |y — yi| + |yi — rc| < 5R/2. 
Hence for — l>l/2, by Theorem II. 2l f2l"f3.al and the fact t /2 — 1 x t, there exist constants 
Ci = Ci{/3,r],rQ, Aq, R) >0, z = 5,..., 8 such that 

/ PD{y){‘^~^t-'^,y,w)dw >C5 I {I A5n(y){y)T^^il A6D{y){w))°'^‘^t~'^^‘^ exp{-ce\y - wf/t)dw 

J By-^ J 

> C 7 (l A<5B(y))“/2t-rf/2 / du; = C 8 (l (4.17) 

J By^ 

For any (z,w) G Bx x By^, we have that d^iz) A 5d{w) > cg and 

\z — w\ < \z — x\ + \x — y\ + \y — w\ < 2R + \x — y\ + 5R/2 < cio|x — y\. 

The last inequality holds since |x — y| > 4/5. So by Theorem ll.lf ll and (3), there are constants 
Ci = Ci{f3, Tj, ro, Aq, i?) > 0 , i = 11 ,..., 14 such that 


, , , /exp(—C12U — rcr) \ exp(— ciaIx — y|^) 

^ l ' A 1) a C.3 . (4.18) 
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Combining (14.161) . (14.171) and (14.181) with (|4.15p . we have the conclusion when D{x) is a bounded 
connected component and D{y) is an unbounded connected component of D. □ 

Remark 4.7 Let D he an exterior open set in with charaeteristics (ro,Ao) and 
C B{0, R). Then the number of bounded connected components of D is finite, say Di,, Dn. 
According to the proof of Theorem M.2^ f). there exists a constant c > 0 such that if x,y G D are in 
different bounded connected components of D 

PD{t,x,y) > C(5D(x)“/^(5D(y)"/^exp ^ Aj (x) + 1 d, (?/)) 

where —Xj < 0 is the largest eigenvalue of the generator j = 1, • • • ,n. 


5 Green function estimate 


In this section, we present a proof of Corollary 11.41 We recall that GD{x,y) = pD(t,x,y)dt. 
When 13 = 0, the proof of Corollary 11.41 is similar to that of [161 Corollary 1.5], we only consider 
the case /3 G (0, ooj. 

Proof of Corollary 11.41 Bv Corollary 11.31 there exist constants Ci > 1, i = 1,2 such that 


GD{x,y) < Cl / 1 A 


+ ' 


dpjx) 




and 


/ OO 

^l.,^^{t,\x-y\)dt 

G'z)(x,y) > ^lA^^^ 4'J2,7,3o(^>5|x-y|/4)dt 

/ OO 

^C 2 ,i(^> k - y\)dt 


where 7 is the constant in Theorem ll.il 

Without loss of generality, we may assume that C 2 = 1 and we define Ii, I 2 and II by 

/ OO 

^l,iit,\x - y\)dt. 

For any a,b > 0, if 6|x — y| < 1, we have that 'hj 3 Q(t, b\x — y|) x A t\x — So when 

|x — y| < 4/5, it suffices to show that 

Sd{x) ^ I A„A,'i \ “/2 


h : = 

II := 


h 


1 1 
\x — |x — y\ 


d-2 


1 A 


|x - y\ 
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II < C 3 < C4 


1 1 

+ 


\x — 

When \x — y\ > 4/5, we will show that 


h < C 5 

II 


+ '^-] (1 A (1 A and 


|x — y|'^ “ \x — y\ 


x-y\ 


d-2 


I® — y\‘^ " \x — y\ 


d-2 


(5.1) 

(5.2) 

(5.3) 


Let r := \x — y\. Suppose that r < 4/5. By [[7], (4.3), (4.4) and (4.6)], we have 


Snix) 


0/2 


r»a— Ol \ r I \ ^ J 


a/2 


+ 


j^d—CM rj^d —2 


1 A 


5d{x) 


a/2 


i^Md) 


a/2 


(5.4) 


Note that for every s E [0, 00 ], 


f 


t-d/2e-r"l^dt = r^-‘^ I " u'^/^-^e-^du. 


I 


(5.5) 


For r < 1 and 1 < t, we have 4'^ i(L^) = ^ and 


II = u^l’^-’^e-^du X / u^l’^-’^du = 


/*r 

^0 


d-2 


(5.6) 


Hence we obtain (15.1|) by (15.41) and (15.6D . 

Suppose that r > 4/5. Note that for 0 < t < 1, we have 


^l7-L3o(^>^/6) = ^ 


'A t(r/6)-"'-“e-3' for /3 € (0,1] 

f exp(—((r/6)(log(5r/f))*^^“^)/^ A (r/ 6 )^)) < for/3E(l,oo) 

(t/( 5 r))^Z 6 ^ ^2(15^-cer for /3 = 00 


for some constant Cj = Ci(/3) > 0, / = 6,7. Thus by the change of variable u = r"/f, there exist 
constants Cj > 0, z = 8,9 such that 


h < C7r 


—d—a 


f 


1 15 1 A 


dpix) 

H/a 


lAMdi' dt 

H/« J 


= C7r“‘^+^' 


= c^r ‘^■'■ 15 " 


f 

f 


u 15 ^ 1A 


y/u5D{xY^‘^\ (^ ^ VudnivT^^'^ 


r.a/2 


1 A 


r.a/2 


du 


_ 2 _i ( 1 ^ dD(a;)"/^\ / 1 ^ ^oivT^'^ 


U 15 


tt 7-a/2 


A 


f^al2 


du 
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(5.7) 


/ 

Jr* 


< cgr ‘^+ 15 " / u K ^du (1 A 


(5d(x) 


= ycgr-'" (^1 A (1 A < cgr^--^ (1 A 6n(x)r^^ (1 A dn(y)r^^ 

and it yields (|5.2p . For (|5.3I) . because of (15.61) . we may assume that r > 1. By (15.5p . we have that 

/ CO rl 

t-dl2^-rytdt > ^2-d J ^dl2-2^-u^^ > ^^^^2 


a/2 


«/2 


ia1£M1 

r / 


a/2 


„2-d 


and 


„2-(/JAl) 


II < 


< 


. , /*CXJ 


/r2-(/3Al) 


^r.(/3Al) 

Jo 


This implies II and hence p5.3p holds. So we have proved the Corollary. 


□ 
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